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@ Preliminaries
Analogies: mathematics | chess
A new generation of mathematics SW
Learning chess by SW is exhaustive & fun !

® Educational questions
Can we DO math without formality ?
How much formality needs to be taught ?
At which age which level of formality ?

@ The new SW generation can cover all mathematics,
it works on mechanised formal logic
and improves insight and confidence in mathematics.
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Features of new generation:

© check user input automatically, flexibly and reliably:

Input establishes a proof situation (for automated proving)
with respect to the logical context
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Structured derivation editor with erroneous step marked.
See E-Math Project http://emath.eu/
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limited search space (e.g. geometry) and/or
Lucas-Interpretation allow next-step-guidance.
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ot & 5 20
point B 45 20
Point C 10 40

% Draw triangle points
T

% Drav trisngle sides
drawsegnent & B
dravsegnent B C
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% Drav p
draudashline 2
drawdashline b
wdachline
intersec 0.1 a b
Caszk 1t 01
Thtersec 022 a o
cnarl_rt 022

drancizele 01 &

frove {dentical 0_1 0.2}

% Construct perpendicular bisectors
ned s CB

erpendicular bisectors

GeoGebra’s “academic relative”, see
prove {identical O_1 O_2} at bottom left.
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=] Example browser

chess interaction

Context Off->0n Flogkahaste i,
Questions \[ estimme die piegelinie fur I, gPreblem (egelmity.
fommalitySmath einen einseitlg eingespannten
Tréger (Abb. 7.58) der Lange L Ij\Pmb\em (Biegelinie.thy, [vonBelasty u, Biegelinien])
formality - learning 7.70 mit konstanter Streckenlast ? [ =
formality - age 4.0 unter Verwendung der pax=ao v
Randbedingungen Q(0) = _0. T =E
: L M_bIL) = 0, y(0) = 0, y/(0) = 0. e d folglich #x also
Conclusion " g g Q-ox=-a0 funktion ist gleich der 1.
[ der Querkraftlinie.
D\o‘ a0 er
[ Hohe der Belastung

b uhnten‘irate (-q0.%)
| Lin

@~ mtzaral-a 0D x
[

D\Qx:lntsqral 1*g0Dx
f
D‘QX=(+71 %90 %x

+dM)=0

ol

lich kleine Gréfie htherer
t werden

= x ., Die 1. Ableitung
| der Funktion der Momentenlinie lisfert die
Querkratt fiir jede Stelle. =
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© check user input automatically, flexibly and reliably:
¢e¥n~3eje;§vonq Input establishes a proof situation (for automated proving)
N with respect to the logical context

® propose a next step if learners get stuck:
limited search space (e.g. geometry) and/or
Lucas-Interpretation allow next-step-guidance.

® give explanations on request by learners:

All underlying mathematics knowledge is transparent due to
the “LCF-paradigm” in Isabelle (standard predicate logic)

ath

The above three features ...
allow step-wise solving math problems in STEM #
cover all math: formal specification, proof, algorithms,

strive for self-explanatory systems.

“STEM” is Science, Technology, Engineering and Mathematics.
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Demo: interactive chess software (SW)
showing possibilities of learning

featured in an upcoming SW generation based on
Computer Theorem Proving technology.
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DO math without formality ?

Chess: without rules (moves for knight etc) one cannot play.
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Math: the rule “cancel products only” g% = % (and %)
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.. does it sufficie for L 37772
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Math: the rule “cancel products on/y” 2T % and%
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formality - age )(
70% of STEM students cannot reliably apply rules.
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‘ ‘Theorems justifying steps in algebraic transformations Mo
Questions Ualverstyof ... (ifpossbl, chang icon sccondingly) L
) (4] avbebes
formality - math if i A+ (@+b)+c
difficulti i s -¢)
formality - learning Enowladgs, most of whieh will emind you of sarly mathemtes clasi. Lo 8
formality - age n h (-]
nlning o a1
. 2 atb=b+a @X yes© (b) law of commutativity for + o =k
Conclusion e 5 20 39)- 6y @) @x 2209 - 0y @ xr0y- oy
e AR N x4 69)- Gy e 2x 4 6y 63) M x40 AV g

b asb=bea 9 yes 0

4
Take as many stps you need:
0 236y Lol
B

9 (B rematbre

b+o=abae

n

@) If “yes", give the first three steps and justifications, please:
(eryay) Lool=
L

b) Ifno", give some missing laws, please:

) 2(xF3y) -6y =2xrby- by=2x
b) 2(x+3y) by =

9 e+

@ @D -

O (+y) - (x-y)=

o

Thank you for your attention !
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abbreviations for laws:
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[C+] a+b=Db+a [C] a-b=b-a
formality - math [A+] @+b)+e=a+(b+0) éi’@ﬁ (a-b)-c=a-(b-0)
ormality - learning [A+-] (atb)—-c=a+(b—c) ] a-a=0
formality - age +] at0=a [U] a-l1=a

D a(b+c)=ab+ac [D-] a(b-c)=ab-ac

Here is an example of stepwise justifying a simplification by use of these laws and by
calculating natural numbers [N+ — -]:

2:(x+3-y)- 6y (2:x+2:(3:y)) - 6y X @2x+(2:3)y)- 6y
N x4+ 6y)— 6y = 2x+ (6y- 6y) M= 2.x+0 U 2x

4) Similarly describe a stepwise justification of the following simplifications, please;
Take as many steps you need:

a) 2:(x+3y)+6y =Ll

b) r+r(2+s) =1
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4) Similarly describe a stepwise justification of the following simplifi

5

-

Cannot apply rules 4

z(x+dy)—byUux+4(.sy))—qu\4x+uo)y,—oy
Mo @x+6y) - 6y A= 2x+ 6y - 6y) = M 2k p0 U 2

Take as many steps you need:
1Dx1_

2) 2(x+3y) 46y = g ol telip (2% +2-(20)) + &

A (2oms (230 4 g € )=y
e, @'foé )+ AUAJ(JQ x+(6u+6u)=w*‘ 2x+/121/

b) rer@+s) 2% . ey

0L (/{n'l\* Ko, )

Mo, o2 v s =3 s, D1 (3+s) v

@+1)-@-1) D= (uxAru *(ud) Z+ﬁ

G u+/(3—(u+/(\/( .

ey (ﬁaub (u+> )ZL-‘;/U»‘-“---’-‘-‘-- Mgy -4

— (uAET i e u- (e A uvu-u4
Can the simplification (x+y)-(x-y) = x-x-y-y be justified using the above laws only?

C

<

a) If “yes”, give the first three steps and justifications, please:

(o) ey) D=l Wﬂ*@ﬂ{) ey #CJ o (x+y) - l/-(x\»y)
P ey AR ek (g yxw}&

b) If “no”, give some mlssmg laws, please:
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“ANR gy VT N NS I VT N ==y v
=i / N 2x+6y)- 6y A= 2x+ (6y- 6y) = 2x+0 V= 2

chess interaction

4) Begriinden Sie bitte ebenso beim schrittweisen Vereinfachen; machen Sie soviele Schritte
wie Sie brauchen:

B ) 243y ey T g+ by by = 2w A2y
L 2wt A2y _
’ 2t A2g
b) r+r@+s) =P r+ 2ra 23
&L -+ ars2s .
=[e']§upﬁ ar. 1 2 sl 2-42s
9 @+-1 <A Lt m - A
_[#1D" 0t — A
L L or_p

5) Lisst sich (x+y) (x-y) = x'x-y'y nur mit obigen Gesetzen begriinden ?
Wenn “ja”, geben Sie bitte die ersten drei Schritte samt Begriindung an:

= +
< ~xg - fEANE) Bl w2y x4 zrgz Yy JEL - 4=~y
Lol Lol

b) Wenn “nein”, geben Sie bitte einige der fehlenden Gesetze an:
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“n ey vz N 2 g Y VIS \«~'\«v)) b

o
_INL_ @x+6y)- 6y A ,, X+(6y— 67) Mo gx 40 Vo o

4) Begriinden Sie bitte ebenso beim schrittweisen Vereinfachen; machen Sie soviele Schritte
wie Sie brauchen:

2) 2-x+3y)+6y LPTL L2 bys by
_TAYY Qe ALy

o Lo
o Bngioi ;
B r+re+s) 2P valy vy s
_[_A:.T Ay + |- s
LDhMew o L oy [..]
-:——- )
9 @+-1 =0T 4t 4y Ala-a)
A Y PR,
+
Jd* w4 Lol
—— :
5) Lisst sich (x+y)'(x—y) =X*X-y'y nur mit obigen Gesetzen begriinden ?
a) Wenn “ja”, geben Sie bitte die ersten drei Schritte samt Begriindung an:
(c+y)(x-y) =@--J= xtopey s (emy) A0 oy + Ry —y?
+
B e B ol e gy =
’———_L

b) Wenn “nein”, geben Sie bitte einige der fehlenden Gesetze an:
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2:(x+3y)= 6y X _F (Zx+2(3y) - 0y K F UX+(£3)y)— oy
1L @x+6y)- 6 A1 . v vy = 5. UL,
y)— 6y 2x+(6y - 6y) 2x+0 2X .

Tomando la simplificacién anterior como ejemplo, simplifica las siguientes expresiones
algebraicas indicando en casa paso la regla usada.
Usa tantos pasos como consideres necesarios:

D) 2x+3p+ey 2P 2¢ 4 6y v Oy
AP 72y J?.(_A}

L NS
by rer@+s) =2y ¥ 24 ¢S

L 3y 4cs

02 (249 ¢ NS
) @+@-1) <= -4

;Puede la transformacién (x + y) * (x-y) = x*x — y*y justificarse usando tinicamente las
reglas mencionadas mds arriba?

a) Si turespuesta es “si”, escribe los tres primeros pasos indicando la regla usada en cada paso:

Comten) D= =)l L

L X’L— “2
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Math: the rule “cancel products on/y” 2T % and%
ey -man .. does it sufficie for 37@ 3772
70% of STEM students cannot reliably apply rules.
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e for standardised application of math
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Math: the rule “cancel products on/y” 2T % and%
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e not for inventive application of math
e not for creating new math knowledge.
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DO math without formality ?

Chess: without rules (moves for knight etc) one cannot play.

Math: the rule “cancel products on/y” 2T % and%
.. does it sufficie for 37@ 3772
70% of STEM students cannot reliably apply rules.

Unreliable formal operation suffices
o for talking about math
e for standardised application of math
e not for inventive application of math
e not for creating new math knowledge.

DOing math requires reliable formal operation !



Chess — Math

Walther
Neuper

math — chess
new generatior

chess interaction

formality - math
formality - learning

formality - age

Outline

® Educational questions

How much formality needs to be taught ?
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How much formality taught ?

Chess: learn rules (moves etc) such than one can play.

Math: PISA’s competence model ...

“

@ Communication: “.. recognizing a problem situation ...”

@® Mathematising: “ .. transform to a strictly mathematical form ...~

“

® Representation: “... using a variety of representations ...”

@ Reasoning: “. . logically rooted thought processes ... "

@ Strategies for solving problems: “ .. critical control processes ...”"
@ Using symbolic, formal and technical language and operations *...”

@ Using mathematical tools: “ .. that may assist math activity ...”
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How much formality taught ?

Chess: learn rules (moves etc) such than one can play.

Math: PISA’s competence model ...

“

@ Communication: “.. recognizing a problem situation ...”

@® Mathematising: “ .. transform to a strictly mathematical form ...~

“

® Representation: “... using a variety of representations ...”

@ Reasoning: “. . logically rooted thought processes ... "

@ Strategies for solving problems: “ .. critical control processes ...”"
@ Using symbolic, formal and technical language and operations *...”

@ Using mathematical tools: “ .. that may assist math activity ...”

...is this portion of formality sufficient for STEM ?
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Chess: learn rules (moves etc) such than one can play.

Math: PISA’s competence model ...

formlty - @ Communication: “.. recognizing a problem situation ...”

i ® Mathematising: “ .. transform to a strictly mathematical form ... "
©® Representation: “. . using a variety of representations .. .”
@ Reasoning: “. . logically rooted thought processes ... "
@ Strategies for solving problems: “ .. critical control processes ...”"

@ Using symbolic, formal and technical language and operations “..”~
@ Using mathematical tools: “ .. that may assist math activity ...”

...is this portion of formality sufficient for STEM ?

STEM students need a formal base to trust math !
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® Educational questions

At which age which level of formality ?
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Chess: Abstraction arises from experience with games.
o Math: Exercising basic mechanisms, e.g. ...

formality - math
formality - learning

formality - age

=0 E‘El_@ Motehing rule with term creates a substition o
not (d=0)==== i )
@@ El oo dun =2 h =0 —={n—1)} 5
1.
1+|g._ 1+ substitute o into vhs
[3.(x+1]

] 3 2
substitute vhs into term . — 1 +

3
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=0 E‘El_@ Motehing rule with term creates a substition o
not (d=0)==== i )
@@ El oo dun =2 h =0 —={n—1)} 5
1.
1+|g._ 1+ substitute o into vhs
[3.(x+1]

] 3 2
substitute vhs into term . — 1 +
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Which age which formality ?

Chess: Abstraction arises from experience with games.
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Which age which formality ?
Chess: Abstraction arises from experience with games.
Math: Exercising basic mechanisms, e.g. ...
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Which age which formality ?
Chess: Abstraction arises from experience with games.
Math: Exercising basic mechanisms, e.g. ...

chess interaction

formality - math
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e How can math be so sure with true / false ?
e Why is the Kepler Conjecture a theorem now ?

...essential questions about mathematics.
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Wather Which age which formality ?

Neuper

Chess: Abstraction arises from experience with games.
Math: Exercising basic mechanisms, e.g. ...

formality - math nof(f:[}]:)—g'c :% Matehing rule with term C:'.?"(’Cﬂl-ﬂt‘*' a aubstition o
ormality - learning .C T e =2 = de—={x—10}
formelty-2ae 2. x+1) 2 substitute o into vhs @ >E|
1+ 1.2 : ‘ e
3.(x+1) 3 substitute vhs into term : — L + =

...is boring for students at all levels.
Mechanisms become interesting in context with. ..

e How can math be so sure with true / false ?
e Why is the Kepler Conjecture a theorem now ?

...essential questions about mathematics.

Interest in formality/abstraction arises individually !
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Conclusion

We have found:

DOing math requires reliable formal operation

human intuition — mechanisation of thinking
creativity — logical rigor

STEM students need a formal base to trust math

common sense —> syntax, formal logic
insight — tear to pieces

Interest in formality/abstraction arises individually

individual maturity — curriculum
application of math +— pure abstraction

The new SW generation can cover all mathematics,
it works on mechanised formal logic
and improves insight and confidence in mathematics.
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